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Abstract

This paper studies the welfare effects of oligopolistic third-degree price
discrimination with constant own and cross price elasticities of demand under
product differentiation. We verify the robustness of Adachi and Matsushima’s
(2014) result on social welfare under linear demands: price discrimination is
more likely to improve social welfare for a higher value of the cross price elas-
ticity in the “strong” market (where the discriminatory price is higher than
the uniform price). In contrast to Aguirre and Cowan’s (2013) results in the
case of monopoly, social welfare can be higher with price discrimination even
if the relative share of the strong market under uniform pricing is sufficiently
small or the own elasticity difference between the two markets is also suffi-
ciently small. Consumer surplus can also be higher with price discrimination
if the cross price elasticities are sufficiently low. This suggests that Adachi and
Matsushima’s (2014) result on consumer surplus (price discrimination never
improves social welfare) hinges on the linearity assumption.
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1 Introduction

This paper studies oligopolistic third-degree price discrimination when demand in
each discriminatory submarket has constant own and cross elasticities to examine an
important question since Pigou (1920) and Robinson (1933): under which conditions
third-degree price discrimination raises social welfare. In many applied studies of
welfare effects of third-degree price discrimination, researchers typically assume that
demand in each discriminatory submarket belongs to the same functional family. In
fact, linear demand is often assumed.! In other theoretical studies, researchers con-
sider nonlinear demands in a nonrestrictive way. For example, Aguirre, Cowan,
and Vickers (2010) consider the curvatures of submarket demands to synthesize the
existing studies? of output and welfare effects of monopolistic third-degree price
discrimination. Notably, Aguirre, Cowan, and Vickers’ (2010) Proposition 2 states
that if the inverse demand in the weak market is more convex than the inverse de-
mand in the strong market, then price discrimination raises social welfare. However,
no comparable characterization has yet come to in the case of oligopoly with non-
linear demands.®> Thus, this paper aims to take one step forward to the study of
oligopolistic third-degree price discrimination by considering one of the most “pop-
ular” classes of nonlinear demand, namely, “log-linear” (Davis and Garcés (2010,
p.447)) demands that have constant own and cross elasticities. It also studies the
robustness of Adachi and Matsushima’s (2014) study of oligopolistic third-degree

price discrimination with linear demands.

To understand Adachi and Matsushima’s (2014) necessary and sufficient con-
dition for oligopolistic third-degree price discrimination to improve social welfare,
consider the situation where there are two geographical markets: one is a hot resort
area, and the other is a city area. There are two beverage companies, and they

compete by selling their own (one) product (such as cola) in each market. Resale

!See, e.g., Layson (1988), Adachi (2002, 2004, 2005), and Bertoletti (2004).

2See, e.g., Schmalensee (1981), Varian (1985), Nahata, Ostaszewski, and Sahoo (1990), Schwartz
(1990), Layson (1998), Cowan (2007), Cowan (2012), and Cowan (2013). Armstrong (2006), Stole
(2007), and Liu and Serfes (2010) are excellent surveys on third-degree price discrimination.

3See, e.g., Holmes (1989), Corts (1998), Dastidar (2006), and Galera and Zaratiegui (2006) for
studies of oligopolistic third-degree price discrimination.



by nonfirm agents for arbitrage is assumed impossible. The cost of production and
sales is assumed common for both markets (for example, there are no differences
in transportation costs between the markets). Although the firms are symmetric
(i.e., homogeneous), consumers are not indifferent (except the marginal consumers)
between the two products (given that the firms’ prices are the same). In fact, hor-
izontal product differentiation makes some consumers prefer one firm’s product to

the other’s, and vice versa for the other consumers.*

Adachi and Matsushima (2014) find that price discrimination raises social wel-
fare if and only if the degree of substitution between the two products in the “strong”
market (where the discriminatory price is higher than the uniform price) is suffi-
ciently higher than in the “weak” market (where it is lower).? If consumers care less
about the firms’ brands in the hot resort area (because when people are thirstier it
is natural that they should be less concerned about which brand), then price dis-
crimination may improve social welfare. One might think that substitution in the
weak, not the strong, market should be sufficiently higher because a fiercer level
of competition (due to a higher level of substitution) in the weak market increases
the aggregate output more. However, weakening the misallocation effect caused by
price discrimination is more important than this output effect: if substitution is suf-
ficiently high in the strong market, then the price increase by price discrimination
is smaller, which leads to a less number of consumers in the strong market give up
consumption after price discrimination is introduced. This is beneficial for social
welfare because, on average, those who consume a product in the strong market

have higher willingness to pay than those in the weak market do both under uniform

4The source of horizontal product differentiation may vary. At the extreme, two similar products
may be recognized as very different by consumers due to advertising by manufacturers. To quote
Tremblay and Tremblay (2005, p.173), “[blecause their colas taste very much alike, Coke and Pepsi
use advertising to segment the market by creating images that appeal to different consumers.
Coke pursues an image of traditional family values, while Pepsi presents a more youthful and
rebellious image. This strategy benefits both firms by strengthening brand loyalty and reducing
price competition.”

5The usage of “strong” and “weak” markets is in the tradition since Robinson (1933). A more
precise statement for the necessity and sufficiency is that given the other parameter values, the
substitution parameter in the strong market exceeds a threshold (see Adachi and Matsushima’s
(2014) Proposition 1).



pricing and under price discrimination.

Notice that the argument so far does not rely on the linearity of demands. We
thus conjecture that this result and the intuition by Adachi and Matsushima (2014)
on social welfare (their Proposition 1) are robust for nonlinear demands. In Adachi
and Matsushima’s (2014) formulation, the degree of substitution in each market is
characterized by one constant parameter (because of linearity), which is separable
from other variables and parameters. In equilibrium, this parameter, with normal-
ization, coincides with the cross price elasticity, though it is not the elasticity per se.
In particular, the normalization needs to take into account the slope of the linear
demand, which itself is less relevant to the marginal conditions. Furthermore, the
linearity restriction imposes the own price elasticity to be always one in equilibrium.
Does the intuition above survive under nonlinear demands? By investigating con-
stant own and cross price elasticities of demand, we provide a positive answer for this
conjecture. In contrast, Adachi and Matsushima’s (2014) result on aggregate con-
sumer surplus (their Proposition 2) may depend on the linearity of demands. Adachi
and Matsushima’s (2014) Proposition 2 shows that price discrimination always low-
ers aggregate consumer surplus. This is true even if it raises social welfare. This
result implies that firms ‘squeeze’ all extra surplus generated by welfare-improving
price discrimination described as above. Is this still true if market demands are

nonlinear?

In this paper, we extend Aguirre and Cowan’s (2013) analysis on monopolis-
tic third-degree price discrimination with constant elasticity demands® to the case
of differentiated oligopoly.” As in Adachi and Matsushima (2014), we express the

degree of product differentiation in a submarket by one parameter: in the present

6 Aguirre and Cowan (2013) explain the reasons why the well-known results on third-degree price
discrimination and welfare (such as Schmalensee (1981), Varian (1985), Aguirre, Cowan and Vickers
(2010), and Cowan (2012)) are less applicable to the case of constant elasticity demand. Aguirre
and Cowan (2013) also emphasize that Aguirre, Cowan and Vickers’ (2010) sufficient condition for
their Proposition 2 does not hold if submarket demands belong to the class of constant elasticity
demands because they are all convex with respect to the own price.

"One thing to keep in mind in an analysis of third-degree price discrimination with linear
demands (as in Adachi and Matsushima (2014)) is to guarantee conditions for all submarkets to
be open under uniform pricing (the issue of ‘market opening’). However, under constant elasticity
demands, all submarkets are necessarily open under uniform pricing because there are no intercepts.



paper, in contrast to Adachi and Matsushima (2014), it is the cross price elasticity
itself. Aguirre and Cowan (2013) show that price discrimination can raise social
welfare if the output share of the strong market under uniform pricing (« in their
and our notation) is sufficiently large and the (own) elasticity difference between the
two markets is sufficiently large (6 in their and our notation, which is the elasticity
difference between the two markets). Aguirre and Cowan (2013) also show that
price discrimination can raise consumer surplus under stricter conditions. Notice
the similarity between Aguirre and Cowan’s (2013) sufficient condition and Adachi
and Matsushima’s (2014) necessary and sufficient condition. First, a fiercer level
of competition in the strong market would push the amount of production in that
market. Second, Adachi and Matsushima’s (2014) Proposition 1 implies that the
elasticity difference must be sufficiently high. In essence, the substitution parameter
plays an important role to affect the equilibrium elasticity in each submarket. Thus,
in equilibrium, oligopolistic firms can been seen as monopoly where strategic inter-
actions are already incorporated: the intuition for welfare improvement in the case
of oligopoly is similar to that in the case of monopoly once strategic interactions
are taken into account. We also verify that consumer surplus can also be higher
with price discrimination if he cross price elasticities are sufficiently low. This sug-
gests that Adachi and Matsushima’s (2014) result on consumer surplus hinges on

the linearity assumption.®

The rest of the paper is organized as follows. The next section presents the
model. We then provide welfare analysis in Section 3. Most of arguments are based

on numerical analysis. Section 4 concludes the paper.

2 The Model

Consider J (> 2) oligopolistic firms producing (horizontally) differentiated products

to compete in price to sell their products (directly) to consumers. Each firm produces

8 Aguirre (2011) studies the situation where a multimarket firm and a local firm compete in one
market while the multimarket is a monopolist in another market. As in Adachi and Matsushima
(2014), Aguirre (2011) assumes the linearity of demands and shows that price discrimination can
improve social welfare in this setting as well.



and sells only one type of product, which is interpreted as the firm’s brand. The
whole market can be segmented into independent M (> 2) separate sub-markets
(hereafter, just called markets if there arises no ambiguity) according to identifiable
signals (e.g., geography, age, and gender). If a firm implements uniform pricing, the
firm’s price that consumers face is common across all markets. On the other hand,
if a firm price discriminates across markets, consumers may face different unit prices
of the firm’s product, depending on which market they belong to. We assume that

resale of a product of the price discriminating firm across markets is not possible.

In this paper, we consider symmetric firms as in Holmes (1989), and thus assume
the marginal cost is common for all firms. In addition, we assume that the marginal
cost is constant, ¢ > 0. For further simplicity, we mainly work on the case of two
firms (A and B) and two markets in the following analysis. Specifically, indices
i,7 € {A, B} are used for firms, and index m € {s,w} is used for markets (s denotes
(the set of) the strong markets and w the weak markets; these meanings will be
clear below). Notice that, however, our main results can be extended to the case
of J (> 3) firms and M (> 3) markets as long as the firms are symmetric, and the

following s and w are considered as (arbitrary) two representatives of all markets.

The demand function of firm ¢ in market m is given by
G (D> 1) = G (Pr) ™= (P1,)7
where a; > 0 is a measure of market size, &, > 1 is the constant own price elasticity
(notice that (9¢’,/0pt,)(pt,/d%,) = —&m) and o, which is assumed to be less than
€m (the next paragraph explains the reason for this restriction) is the constant cross
price elasticity (notice that (9¢’,/0p’.)(p’,/q%,) = 0m), which captures the degree
of product differentiation (note that our demand form is equivalent to the following
familiar form of log-linear demand: Ing¢!, = Ina,, — e, Inp! + o, Inpl ). The

assumption of identical firms requires that ¢,, and o, are common for all firms.

Note here that ,, per se indicates that how many percent of the customers
leave the firm if it raises its price by one percent, but not that how many of them
switch to the other firm. However, it is seen that the other firm gains o, percent

more of the existing customers as new customers. Thus, as a response to the one



percent increase of the firm’s price, (&, — 0,,) percent of the customers leave the
market (i.e., purchase no products), and ¢, percent of them switch to the other
firm (i.e., now purchase the other firm’s product). As a natural restriction on the

demand, (e, — 0,,) should be positive (thus, &, > 7,,).?

If ,, = 0, the products produced by two firms are independent in each market,
in the sense that one firm’s demand is not affected by the other firm’s price. In other
words, no marginal consumers are better off by switching to the other firm, and thus
they leave the market if the price goes up. In this case, the two firms behave as an
identical monopolist in each market: the demand function is identical (with rescal-
ing) as the one in Aguirre and Cowan’s (2013) analysis of monopoly. If o, > 0,
the products are substitutes. As o, approaches to &,,, competition in market m
becomes fiercer. In the extreme case of ¢, = ¢,,, the marginal consumers all switch
to the rival: the two products are homogeneous and (almost) perfect substitutes.
In the present paper, we consider the case of substitutes only (i.e., o, is positive):
complementarity is assumed away as opposed to Adachi and Matsushima’s (2014)
analysis with linear demands. This is because consumer surplus defined in the next
section assumes that consumers are segment into three groups: (i) those who pur-
chase product A, (ii) those who purchase product B, and (iii) those who purchase
nothing. If complementarity between two products is allowed, it is necessary to con-
sider another type of consumers: those who purchase both products. As consumer
surplus used in this paper is a ‘naive’ one, namely, the integral of the positive dif-
ference between the inverse demand and the price, it is less obvious to define proper
consumer surplus in the case of complementarity. Thus, we simply assume o, > 0

for m € {s,w} throughout the paper.'°

Following Aguirre and Cowan (2013), we assume that the elasticity in market w

9Holmes (1989) shows that with any symmetric price under oligopoly p, a firm’s price elas-
ticity is equal to the sum of the industry-demand elasticity and the cross-price elasticity. The
industry demand in market m is given by 2q% (P, Pm), and the industry-demand elasticity is
—(pm/2CIfn)(2dq;@/dpm) =&m — Om-

10Adachi and Ebina (2014c) argue that there is no repsentative consumer’s utility that can be
consistent with the log-linear demand system. Thus, in contrast to the case of linear demands, we
cannot use the representative consumer’s utility to derive consumer surplues under the log-linear
demands,



is greater than that in market s: €, = €, + 60 where 6 > 0 is the own price elasticity
difference (more precisely, this condition that e, > €, makes market w the weak

market).

We consider two regimes, uniform pricing (r = U) and price discrimination
(r = D): under uniform pricing, firms set a common unit price for all separate
markets. Under price discrimination, they can set a different price in each market.!*
Furthermore, we impose the symmetry on demands ¢/, (p',p") = ¢,” (p”,p') to focus
on a symmetric equilibrium where all firms set the same price in one market. With

little abuse of notation, let g,,(p) = ¢ (p,p).

2.1 Price Discrimination

First, suppose that firm ¢ can discriminate a price p¢ in each market m. The profit

function of firm ¢ from market m is given by
TPy D7) = (D = € (03,) ™= (91,) 7

From the first-order condition of p¢ , the equilibrium discriminatory price is obtained

by

aﬂ-in i \—e i \o i i) —Em— | \o
8]?1 = am<pm) m(p]m) "+ (pm - C)am(_5m>(pm) " 1(p7m) " =0
7 \* Em

where superscript * denotes the equilibrium under price discrimination.'? Here, the
discriminatory price in the symmetric equilibrium is (a bit surprisingly) independent

of the cross price elasticity, o,,, and coincides with the monopolistic discriminatory

!'Note that all markets are served under both regimes: market opening is not an issue with
constant elasticity demands because a positive number of consumers demands the product even if
the price is tremendously high.

12Note that the second-order condition is satisfied at the equilibrium price because

0%l
<0
o(p,)?
; ; ; Em +1
e _2p:n + (gm + 1)(p?m - C) <0<« pzn < 517_105

which implies that the first-order conditions attains the unique solution.

7



price in Aguirre and Cowan (2013). To understand why, the first-order condition in

general is written by

AR i o, i
qm(pm7p]m) + (pm - C) opi (pm7p]m) =0
P —C _ /P
Pin 0q;,/Opi,,
which, known as the Lerner condition, essentially implies that the competing firms’

=

problem can be seen as the monopolist’s problem under the residual demand given
the other firms’ prices. The right hand side is the inverse of the firm’s own price
elasticity. It is in general a function of p! and p/.. In our demand specification,
however, firm i’s own elasticity is independent of p/ (moreover, it is a constant, &,,,
which is also independent of p’ ). This also makes firm 4’s optimal price independent

of its belief about p? .

Accordingly, firm i’s output in market m, the aggregate output in market m,

and the aggregate output in the industry are

—(em—0om)
(@) = am ( ) ,

Em — 1
—(em—om)
1
m =2 m = )
(Qu) =20, (=)
c —(em—om)
=2 m = 5
@ =23 a (Sm d 10)

respectively. The equilibrium profit of firm ¢ from market m is

(ﬂ_i )* 1—(em—0om) (é-m)—(Sm—Um)

[(Pn)" = €] (@5)" = ame (€m — 1)1=Cn=om)’
and thus, the total profit of firm ¢ is written by

(gm)—(am—am)

T\k — i o\% __ 1—(em—0om)
(H) - Z (ﬂ-m) - Z amC (5m_1)17(em70m)'

m=s,w m=s,w

2.2 Uniform Pricing

Next, consider the case of uniform pricing. The profit function of firm ¢ is given by

ml(php) + (0 ) = (0 =) D a0 p) = (') D an(p) ()

m=s,w m=s,w



By the first-order condition of p’, we have'

o(n, 4 )

S = 2 [an(0) )+ (0~ o)) ()] =0

m=s,w
Notice that the first-order condition is reformulated as the Lerner condition under
uniform pricing: .
p—c 1
P’ D s Emi (P, 07)
> s O (D' )

where the right hand side is no longer independent of p’. Here, the elasticity that

firm ¢ takes into account is the average sum of the own elasticities over markets

weighted by the outputs. The symmetric equilibrium, where p’ = p/, satisfies

= (1)

where
Zm:s » Emlm (po)*(ﬁ'm*(fm)

Zm:s,w Qm (p0>—(5m—a'm) ,

and superscript 0 denotes the equilibrium outcome under uniform pricing. Therefore,

e(p’) =

firm ¢’s output in market m, the aggregate output in market m, and the aggregate

output in the industry are

(Q:n)o — a,mqm(pojpo) — am(p())—(sm—gm)’
(@m)" = 2(q},)° = 2ap(p°) =),

(QO) = Z (Qm)o =2 Z am(pO)—(am—am),

m=s,w m=s,w

13This profit function is not necessarily quasi-concave, so that it may have several peaks. Similar
arguments for the optimal price with uniform pricing (p*)? also hold as in Aguirre and Cowan
(2013). Thus, we make almost the same assumptions and (p?)° satisfying the first-order condition
has maxima:

Mzz[aq’?‘}ﬂpi—@ [;(2%41]

a(p')? op4 pA)?
P\ —Em — I\o, Em + 1
= X ) ) 1) - TR <0



respectively. The differences between the quantities under price discrimination and

under uniform pricing are given by

—(em—om)
) . ) Em e —o
Aty = (dh)" ~ (€,)° = am [( ) e m>],

Em — 1

—(em—0om)
AQm = (Qu)* = (Qm)" = 2an [(8 o 16) . (po)_(em_gm)] |

—(em—om)
— Em . 0\—(em—0m)
AQ 2§jam[(gm_1c) o) ]

m=s,w

respectively.

Now, following Formby, Layson and Smith (1983) and Aguirre and Cowan
(2013), we normalize ¢ so that p° = 1. In this case, (¢\,)° = am, (Qm)° = 2an,

and Q° = 2(a, + a,,). The averaged elasticity is also simplified as

e(1)

Given Equation (1) and p° = 1, the marginal cost satisfies

o Es0s + Eqplay
Qs + Ay

_ag(es — 1) + ay(ew — 1)
N AsE5 + A€y

Each firm’s equilibrium aggregate output under uniform pricing is given by
as + a,. Let the share of the strong market under uniform pricing be defined by
a = as/(as + ay,). Analogously, the share of weak market is defined by 1 — a =
ay/(as + ay). As a further normalization, we also assume that as + a,, = 1. Thus,
under this normalization a,, denotes the relative share of market m under uniform
pricing. The above equation can be written as:

. est+(1—a)f—1
s+ (1 —a)d

Y

which is less than p° = 1.

In the literature of third-degree market price discrimination, a market is called
strong if the discriminatory price is higher than the uniform price, and it is called
weak if the opposite is true. Now,

. gs s+ (1—a)f—-1
(ps) = ’
53_1 53+(1—a)9

10



24+ (1 —a)be, — &4
e2+(1—a)fes—es— (1 —a)b
> 1=7p° (because 8 > 0)
es€w + (1 —a)fey, —es — 0
esew + (1 —a)fey, —es — 0+ ab

= (pw)* > c.

Thus, market s and market w are verified to satisfy the definition. Note here that

*— 1.

as 0 — 0, (ps)* — 1 and (py)

Finally, the equilibrium profit of firm ¢ from market m is

()" = [(h)° — €] (¢,)° = (1 = ¢)am,

and thus, the total profit of firm ¢ is written by

()= Y (m)" = (1—c)(as +ay) =1—c.

Thus, the profit changes between the two regimes is
All = (IT)* — (I1)°

—(em—om)
_ 1—(em—om) am<€m)
= c g —1+ec
( )

Emm — 1 1—(em—0om)

m=s,w

3 Welfare Analysis

In the case of monopoly with constant elasticity submarket demands, Aguirre and
Cowan (2013) show that price discrimination raises social welfare if both the share of
the strong market under uniform pricing («)'* and the elasticity difference between
markets () are sufficiently high. If either parameter is further high, price discrim-
ination raises consumer surplus as well. More precisely, Aguirre and Cowan (2013)
show that if AW > 0 then fa > 1. Intuitively, it is necessary for 6 to be sufficiently
large for a nonnegative welfare change. If 6 is large, it means that the price elas-
ticity in the weak market is sufficiently large relative to that in the strong market.

In other words, the strong market is sufficiently price inelastic relative to the weak

Due to the normalization, the share of the strong market under uniform pricing, which is
clearly an endogenous variable, can be expressed by one parameter, a.

11



market. Similar to the argument in Adachi and Matsushima’s (2014) analysis of
oligopoly, this is beneficial to weaken the distortion in the strong market (i.e., the
output decrease in the strong market is kept small relative to the output increase in
the weak market). In this section, we argue that fav > 1 is not necessary for price
discrimination to raise social welfare in the case of oligopoly. As expected, the two

cross-elasticity parameters, o, and o, play an important role.

First, note that under symmetric equilibrium, the equilibrium demand for firm

7 in market m is given by

Om

G Py D) = A () =" (Pm)

= am<pm)7(€migm)7

where p,, is the discriminatory or the uniform price. This provides the inverse
demand function in symmetric equilibrium for firm :

1 1

pm(qm) — a;‘;lmfdm Qm&n7am .

Following Aguirre and Cowan (2013), let S, be social welfare in market m =

s, w under regime r = U, D. Then, because of the symmetry,!’

Im 1 1
SW’;L = 2/ <aﬁ{”_"m q_fm—a'm — C> dq.
0

Therefore, a per-firm change in social welfare is written as

ASW 1 55 - US es—os—1 L 5’11} - O-UJ ew—ow—1

— Eg—0O * — * Ew—0O * — *
2 = as® 1 [qS] T — Oy + A" Y 1 [qw] Fwmow = Oy,
€s — 05— Ew —Ow —
1 — —og—1 1 — ew—ow—1
= Es Os 0] =2=2¢ 0 = Ew Ow (I —— 0
€ o — £ o —
—as " ———= [q{] T Feq) —ad T ————— [qu] T+
€s Os Ew Ow

£ — O g, — 11\t €5 — O eg—11\= 7
= « - - —C - +c
€ —0g— 1 €s C €s—0g — 1 €5 C

e ) Ew — Ou £y — 11\ 7wt Ew — Ou Epw— 11
Ew — 0w — 1 Ew C Ew — Oy — 1 Cw

15 Adachi and Ebina (2014c) argue that the log-linear demand system as employed in this paper
cannot be generated from the representative consumer’s utility. Thus, consumer surplus used in
this paer is not linked to consumers’ utility.

12
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€ —0gs— 1 s s+ (1—a)f—1 s

a [(58—1 es+(1—a)f )55_05_1 258—05—1]

. l-a es+0—1 es+(1—a) 7 2%, 4+20—0,—1
Es+0—0,—1 es+0 es+(1—a)f—1 g+ 0

1 Q 11—«

s+ (1—a)b ce—0s—1 co+0—0,—1

Similarly, per-firm changes in consumer surplus, profit, and output are

1 _ e
ACS o afs—ds 63 O-S [ *] Essszisl _p*q*
= s
2 gg—0g— 177 518
1
= Ew — Ow g Ew—ow=1 ¥ %
+aw' 7" [qw] fwmrw = Doy
Ew — 0w — 1
1 — —og—1
Zioos S5~ 05 01 52— 0.0
_alsf;‘s s ___° 0 |:qu| Es—0Os +p qs
€s— 05— 1
1 _ — —1
foem Ew — Ow 0] LT 0.0
_al’li';)w ow |:qw:| Ew—0Ow +p qw

Ew — Ow — 1
_ o gs—1 e+ (1—a)) = 77!
z—:s—as—l( Es €s+(1—a)9—1)
1-a Es+0—1 e,4+(1—a)f ot
+58+0—0w—1( gs+ 0 55+(1—a)0—1>
ales—os)  (I—a)(es+0 —oy)
55—05—1_ gs+60—0,—1

+1—

Y

ATl AW  ACS

2 2 2
o Cl{ <€s_1 €S+(1_a)9 >55—05—1+ 1_a (6s+9—1 €S+(1_a)9 )65+0—0w—1

€. s es+(l—a)f—1 s+ 0 es+0 es+(1—a)f—1
1
e+ (1—a)f’

and

o _ Es—0Og _ . est0—0oyw
AQ e 1 e+ (1—a) H(1-a) es+0—1 e+ (1—a)f .,
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respectively. With a little abuse of notation, we consider these per firm measures

below, and denote them as ASW, ACS, AIl and AQ.

We now conduct a number of numerical analyses of changes in social welfare,

consumer surplus and output from uniform pricing to price discrimination More
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specifically, we investigate how the cross price elasticities, o, and o, affect welfare
changes from uniform pricing to price discrimination. In particular, our results below
are in accordance with Adachi and Matsushima (2014): the greater o, and the less
o (i.e., competition is fiercer in the strong market than in the weak market) the

more likely a positive change in social welfare (i.e., ASW > 0).

Now, we consider the case of 6 < 1, where price discrimination never improves
social welfare in the case of monopoly (see Aguirre and Cowan (2013)). The following
examples show that in the case of oligopoly social welfare can be higher with price

discrimination even if fa < 1. Table 1 shows numerical values for Figures 1 and 2.

es 0 «
Case1| 2 0.9 {0.05,0.95}

Table 1: Parameter Values (for fa < 1)

First, Figure 1 shows that social welfare under price discrimination is higher in
the lower right area below the boundary (for o = 0.95 and 0.05). This example shows
that, in contrast to the case of monopoly analyzed by Aguirre and Cowan (2013), the
elasticity difference, 6, does not always have to be large for price discrimination to
be beneficial for social welfare under oligopoly. In line with Adachi and Matsushima,
(2014), the cross price elasticity in the strong market, oy, must be sufficiently high.
Note also that the relative share of the strong market under uniform pricing, «, can

be relatively small.

However, it is verified that a change in consumer surplus is negative for all (o,
o) if a is equal to either 0.95 or 0.05. Figures 2 and 3 depict the area of AIl > 0
and that of AQ > 0 for a = 0.95, 0.05, respectively. It seems that AQ > 0 is
necessary for ASW > 0 in general.

Now, we consider numerical values in Table 2. Figure 4 is the corresponding

figure.

€ 0 «
Case2 | 2 {0.9.0.3} 0.95

Table 2: Parameter Values (for fa < 1)
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Figure 2: Areas for ASW > 0, AIl > 0 and AQ > 0 (in the case of ¢, = 2 and
0 =0.9 and o = 0.95).
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Figure 3: Areas for ASW > 0, AIIl > 0 and AQ > 0 (in the case of ¢, = 2 and
6 =0.9 and o = 0.05).

20

05F

Figure 4: Area for ASW > 0 (in the case of ¢, = 2 and a = 0.95).
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Based on these numerical examples above, we conjecture the following results
on the condition for AW > 0 hold in general: price discrimination is more likely to

improve social welfare (AW > 0)

1. as the equilibrium share of the strong market under uniform pricing () be-

comes larger (with other parameters held constant),
2. as the own price elasticity difference (6) becomes larger,
3. as the cross price elasticity in the strong market (o) becomes larger, and

4. as the cross price elasticity in the weak market (o) becomes smaller.

In particular, the third and the fourth points correspond to Adachi and Mat-
sushima’s (2014) necessary and sufficient condition in their Proposition 1 which
roughly states (in the notations of the present paper) that there exists a threshold
for o4, and for a larger o5 than the threshold price discrimination raises social wel-
fare. Notice here that AW is not monotonically increasing in o, in either case. This
should be further investigated to establish results similar to Adachi and Matsushima

(2014).

Now, we analyze the case of o > 1 to see whether price discrimination can
raise consumer surplus. First, numerical values in Table 3 consider different values
of the own price elasticity in the strong market, ;. In Fugure 5, the area where
price discrimination raises social welfare is right below the boundary for each ¢,. In
contrast to the case of fa < 1 above, price discrimination can raise social welfare
as Figure 6 shows: a change in consumer surplus is positive in the area left below
the boundary for each ¢,. It appears that both o, and o,, must be sufficiently small
for price discrimination to raise consumer. It is conjectured that if AC'S > 0 then
ASW > 0 (and AII is necessarily positive). Notice that for a positive change in
social welfare o, can be kept relatively small as long as o, is sufficiently large. That
would be probably the reason why the region of (o, 0,,) where price discrimination
raises social welfare is contained in the region where price discrimination raises social

welfare.
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€5 0 «

Case 3

{1.05,1.2,1.35} 3 0.95

Table 3: Parameter Values (for fa > 1)

£s=1.35

es=12

£,=1.05

Figure 5: Area for ASW > 0 (in the case of § = 3 and o = 0.95).

Finally, fixing the value of €, we consider the effects of different values of 6
and « separately. First, Table 4 indicates different values for the differences in the
own price elasticities. Interestingly, in Figure 7, the boundaries (corresponding to
ASW = 0) are quite homothetic to changes in #. Figure 8 shows that the region of
(0s,04) where consumer surplus is higher under price discrimination is larger with
0 = 4 than with § = 3 (price discrimination never raises consumer surplus when
0 = 2). As Figure 9 (where AIl > 0 for any (os,0,)) shows in the case of the
case most favorable for a positive ASW (6 = 4), consumer surplus is higher under
price discrimination for a wide range of o4 as long as o, is kept small (i.e., less
competition in the weak market). This would be probably because the own price
elasticity in the weak market (g5 + 6) is already sufficiently large, suggesting that

competition may work against consumer surplus (due to the lack of coordination) if

(TS
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Figure 6: Area for AC'S > 0 (in the case of § = 3 and o = 0.95).

the industry as a whole faces a sufficiently elastic demand in the weak market.

£s 0 «
Cased | 1.2 {2,3,4} 0.95

Table 4: Parameter Values (for fa > 1)

Lastly, we consider the numerical values in Table 5 to see the effects of different
shares of the strong market. Figure 10 depicts the areas where price discrimination
raises social welfare. As expected, a higher a is favorable for a positive change
in social welfare. However, Figure 11 shows that a change in consumer surplus is
negative for any (o, 0,,) if @ = 0.5 or 0.95. In particular, the case of o = 0.5 satisfies
fa > 1. Thus, we predict that a higher value of the own elasticity difference (9)
is important then a higher share of the strong market for price discrimination to

improve consumer SllI'phlS.

cs 0 o
Case 5| 1.2 3 {0.05,0.5,0.95}

Table 5: Parameter Values (for o > 1)
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Figure 7: Area for ASW > 0 (in the case of ¢, = 1.2 and o = 0.95).
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Figure 8: Area for AC'S > 0 (in the case of ¢, = 1.2 and a = 0.95).
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Figure 9: Areas for ASW > 0, AIl > 0 and AQ > 0 (in the case of e, = 1.2, 0 =4
and a = 0.95).

0.0 0.2 04 0.6 0.8 1.0 12

Figure 10: Area for ASW > 0 (in the case of ¢, = 1.2 and 6 = 3).
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Figure 11: Area for AC'S > 0 (in the case of ¢, = 1.2 and 6 = 3).

4 Concluding Remarks

This paper has investigated the welfare consequences of oligopolistic third-degree
price discrimination with constant own and cross price elasticities of demand. We
find that the key parameters for price discrimination to improve social welfare and
even consumer surplus are the cross price elasticities. If this parameter in the strong
market is sufficiently large (i.e., competition in the strong market is fierce) with
the corresponding parameter in the weak market kept sufficiently small, then price
discrimination is more likely to be preferable. In comparison to the case of monopoly
analyzed by Aguirre and Cowan (2014), price discrimination can improve social
welfare even with the parameter values with which it does not under monopoly.
This result is consistent with Adachi and Matsushima’s (2014) on social welfare
with linear demands. In addition, our result that consumer surplus can be higher
with price discrimination shows that Adachi and Matsushima’s (2014) result on

consumer surplus (price discrimination never improves social welfare) hinges on the
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linearity assumption.

For future research, it is important to explore the conditions for price discrimina-
tion to improve social welfare and consumer surplus with general nonlinear demands.
As in Adachi and Ebina (2014a,b) in the context of cost pass-through (see, e.g., Bu-
low and Klemperer (2012) and Weyl and Fabinger (2013)) in vertical relationships,
one would be able to conduct welfare analysis with exponential demands, logistic

demands, and type I extreme demands.'¢
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